1. Introduction. The Goldbach conjecture states that every even number larger than 2 can be written as the sum of two primes. We shall therefore call an even number a Goldbach number if it can be written as the sum of two primes in at least one way. It has been known for a long time that almost all even numbers are Goldbach numbers. In fact, Montgomery and Vaughan [14] have shown that if E(N) denotes the number of even numbers less than or equal to TV which are not Goldbach numbers, then there exists an absolute constant 8 > 0 such that
Another question concerning Goldbach numbers is to ask whether they always exist in short intervals, or equivalently whether there exist long sequences of consecutive even numbers which are not Goldbach numbers. The first result in this direction is due to Linnik [12] , who proved, assuming the Riemann Hypothesis, that for any e > 0 and N sufficiently large, the interval [N, N + (log/V) 3+<r ] contains a Goldbach number. This result was improved by Katai [11] , and later and independently by Montgomery and Vaughan [14] ; they showed that assuming the Riemann Hypothesis there exists an absolute constant C such that for all sufficiently large N the interval [N, N + C(log N) 2 ] contains a Goldbach number. Montgomery and Vaughan also proved unconditionally that the interval [N, N + N in2+£ ] will contain Goldbach numbers for N sufficiently large. The method of Katai and Montgomery-Vaughan uses a simple argument to relate Goldbach numbers to primes in short intervals, and in particular to a result of Selberg. Define 2 
-r J(N, h) = (&(x + h)-&(x) -h)
where &(x) = E logp, and p will always denote a prime number. Now suppose that the 
The result in Corollary 1 shows that one obtains an asymptotic formula for the number of p +p' in the interval [N, N + K]. Since there is at most one way to write an odd number as a sum of two primes, we see that on average the number of representations of an even number n as a sum of two primes is ~2N/\og 2 N, where the average is over all such n in the interval [N, N + K]. If we ask how many of the even numbers in this interval are actually Goldbach numbers, we can not prove that almost all of them are Goldbach numbers (see Ramachandra [15] for results of this type.) However, by using a standard argument from the Schnirelman method, we can prove a positive proportion of the numbers in [N, N + K] are Goldbach numbers, provided K is not too small. This type of result was first obtained by Ramachandra [16] . 
J(N,h)~hN\og(N/h),
which in [5] has been proved, assuming the Riemann Hypothesis, to be equivalent to a form of Montgomery's pair correlation conjecture. Thus, subject to (9), we have that Corollary 1 holds for K/logN-*&>, and further the Theorem implies immediately that for all sufficiently large N every interval of the form [N, N + (2 + e)log N] will contain Goldbach numbers. This is nearly the limit of our method, for in [4] it has been shown that, for 1 ^ h < log" N, where A is any positive constant,
which shows that the theorem cannot detect Goldbach numbers in intervals shorter than logN.
An important aspect of the theorem is that to prove the existence of Goldbach numbers we only need to obtain the upper bound estimate J(N, h) < (1 -e)h 2 N. One way to attempt to obtain this type of estimate is through sieve methods. Let
It has been conjectured by Hardy and Littlewood [7] that there are asymptotic formulas for both the Goldbach problem and the "conjugate" prime pair problem. The conjecture is that
where for n odd ©(n) = 0, and for even n p \ n Sieve methods allow us to show both R(n) and Z(n;k) are bounded by a constant multiple of the conjectured factor in (12) (see [6] ). In the case of Z{n;k), we have, for any e > 0,
Equation (14) holds for all k with A = 3.9171 [1], and we may take 4 = 3.454 if k is restricted to k ^ log D n, where D is any positive number [2] . If we could obtain (14) with A <2, it would have the following consequence. In the last section we discuss a conjecture on J(N, h) which is suggested by a strengthening of (12) . This conjecture may be connected heuristically by the method of [5] with the number of simple zeros of the Riemann zeta-function, and is consistent with the expectation that all the zeros are simple.
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Define
Thus r(n) = r(N, n) for n < N, and R(n) = R(N, n) for n < M Notice R(N, n) is the nth Fourier coefficient of S(a) 2 . Our starting point is the obvious relation
R(N,n)= \ S(a) 2 e(-na)da= \ S(a) 2 e(-na) da +\ S(a) 2 e(-na)da. (17)
Jo
J-/3 Jp
Linnik's idea was that the first integral above can be evaluated if /3 is small, and on average the second integral is smaller than the first integral. We evaluate the first integral in the following lemma.
). 
is an approximation for S(a) when a is close to zero. Thus f S(a)
e(-na) da = f (I(a) + S(a) -I(a)) e(-na) da
J-p J-p Next, we estimate / 3 using a lemma of Gallagher ([3] , [13] ), which states that for T6 = \, andE|cOi)|<°°,
I(a) 2 e(-na) da + O[\ \I(a)\ \S(a) -I(a)\ da
Hence, on letting A(fc) = log/? if k =p, and A(fc) = 0 otherwise, we have
The first integral in the last line is by the Chebyshev estimate # ( * ) « * bounded by
We estimate / 2 by the Cauchy-Schwarz inequality and the estimates obtained for /, and 7 3 . We thus see, for 1/N < /3 < 1/2, 
Proof of the Theorem. Let T(a)= E t(n)e(-na) be any trigonometric
polynomial with the properties that the t(n) are real numbers, t(-n) = t(n), and T{a) 5:0. By equation (17) we have 
(n)R(N,N + n)=\ S(a) 2 T(a)e(-Na)da+ S(a) 2 T(a)e(-Na)da.

S(a) 2 T(a)e(-Na) da < \S(a)\ 2 T(a) da Up Jp
= f \S(a)\ 2 T(a)da-l \S(a)\ 2 T(a) da
Jo J-p K = t(0)(N log N + O(N)) + 2 2 t(n)Z(N; n) «=i -f \S(a)\ 2 T(a)da,(22)
J-B -P
where we have used the prime number theorem in the last line. In Lemma 1 take P = N~U 
S(a) 2 e(-na)da~N, \S(a)\ 2 e(-na) da~ N.
J-/3 J-p
By (21), (22), and (23) we conclude that for K = o(N), t(n)R(N, N + n)-T(0)N n=-K < t(0)(N log N + O(N)) + 2 £ t(n)Z(N; n) n = l -T(0)N + o(T(0)N).
The simplest choice for T(a) is to take t(n) = K -\n\, which gives and (24) becomes
The bound just obtained may be expressed in terms of J(N, K). We have, for K ^ N/\og 3 N, and using the prime number theorem, R(N, n) . However, this turns out to be false. By Lemma 1 we have for appropriate ranges of /3 and n that /, ~ N. On the other hand, for odd, n R(N,n) is either 0 or O(logN), while for even n we conjecture R(N, n) ~ <B(n)N for n~N. By equation (28) in the next section ©(/J) is on average 1, which implies that on average for even n we have R(N, n)~2N. Since /, can not distinguish between even and odd numbers n, it takes on the average value of the two cases. We therefore get the correct expected value for R(N, n) from ^ when we average over both even and odd n in a sufficiently long interval. We have proved this subject to the bound K < JV/log 3 N from the Theorem. In this range we have R(N+ n)~ log 2 N r(N + n), which proves Corollary 1 after a relabeling of the variables. The restriction on the size of K may now be dropped by summing the result in (7).
To prove Corollary 2, we note that by Cauchy's inequality, 
which can be proved by obvious modifications in the usual method for proving the result when K = N (see [9, p. 527] ). Equation (26) is also an immediate consequence of the following result which may have some independent interest. LEMMA 2. We have, as N-*°°,
The product above is the one that occurs in the Goldbach problem for representing an odd number as the sum of three primes. (This is not unexpected in view of the conjectures in (12) .) The proof of Lemma 2 is nearly identical to the proof of the corresponding result (28) from [13, Lemma 17.4] . 
Proof of Lemma 2. Let
for v s 1. The proof of equation (31) is similar to the proof of Lemma 2; the error terms may be estimated by using Theorem 14.9 of [10] . On differencing (31) we may replace (26) by 
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To prove Corollary 3, we use (14) in (25) and obtain
By [4, Lemma 3] (with a change of notation), 
where y is Euler's constant. The proof uses standard methods, and will not be given since (33) has no application to the problem considered in this paper. However, the relation in Thus, subject to (34) and the Riemann Hypothesis, we have
J(N, K) = KN \og(N/K) -(y + log 2n)KN + o(KN) + O(N),
uniformly for 1 < K ^ N il2~€ . It is reasonable to conjecture that this relation continues to hold for larger values of K, and also for non-integer values of K. We thus make the following conjecture. 
